Abstract. We give a new moduli construction of the minimal resolution of the singularity of type 
Introduction
For a finite subgroup G ⊂ SL(2, k) where k is an algebraically closed field of characteristic zero, the McKay correspondence describes an equivalence between the geometry of the minimal resolution X of A 2 k /G and the G-equivariant geometry of A 2 k . More precisely, following Ito and Nakamura's description of X as the G-Hilbert scheme [7] , Kapranov-Vasserot [8] used the resulting universal family to establish an equivalence between the bounded derived category of coherent sheaves on X and the bounded derived category of finitely generated modules over the skew group algebra k[x, y] * G.
For a finite subgroup G ⊂ GL(2, k) that is not special-linear, however, the G-Hilbert scheme has too many tautological bundles, so this moduli description of the McKay correspondence cannot hold without some redundancy. Nevertheless, Wunram [14] established an injective group homomorphism from the Grothendieck group of vector bundles K(X) to the representation ring R(G) with image the free abelian group generated by the trivial representation and the so-called special representations of G. Ishii [5] (see also Ito [6] ) subsequently employed the universal family for the G-Hilbert scheme to establish a fully faithful functor from the bounded derived category of (compactly supported) coherent sheaves on X to the bounded derived category of finitely generated (nilpotent) modules over k[x, y] * G.
This article introduces a new approach for a finite abelian subgroup G ⊂ GL(2, k). Our starting point is an integral basis of K(X) consisting of line bundles L 0 = O X , L 1 , . . . , L ℓ . These bundles encode a bound quiver of sections (Q, R) as defined by Craw-Smith [4] , for which the quotient of the path algebra of the quiver kQ by the ideal of relations R is isomorphic to the endomorphism algebra End OX ℓ i=0 L i . The quotient algebra kQ/R can be characterised in terms of Wunram's special representations (see Theorem 3.6), and hence we call (Q, R) the bound Special McKay quiver. The main result of this article is the following. To conclude, we give a geometric reformulation of Theorem 1.1 by realising the isomorphism X ∼ = M ϑ (Q, R)
via the morphism ϕ |L| : X → |L| to the multilinear series |L| of the list L := (L 0 , L 1 , . . . , L ℓ ) following [4] . The corollary is a tautology: any suitable notion of minimal noncommutative resolution of A 2 k /G should include the quotient algebra kQ/R. Wemyss [12] gives a complementary, algebraic approach to the results in this paper that is closer in spirit to noncommutative geometry than the approach adopted here.
While the current paper considers only abelian subgroups of GL(2, k), the Special McKay quiver can be built in a similar way from (trivial and) special tautological vector bundles for a nonabelian subgroup. One expects that the Special McKay correspondence can be established as a derived equivalence in this situation.
Conventions. Throughout this article we write k * for the one-dimensional algebraic torus over k. Toric varieties need not be normal. A toric variety is semiprojective if it is projective over an affine toric variety.
Acknowledgements. Thanks to Bill Crawley-Boevey, Akira Ishii, Diane Maclagan, Gregory G. Smith and Michael Wemyss for useful discussions.
2. Background 2.1. Toric description of the minimal resolution. Let G ⊂ GL(2, k) be a finite abelian subgroup of order r, where k is an algebraically closed field of characteristic zero. Write G * := Hom(G, k) for the dual group of characters and let Irr(G) denote the set of equivalence classes of irreducible representations. After killing quasireflections and changing coordinates if necessary, we may assume that G is the cyclic group of order r generated by the matrix g = diag(ω, ω a ), for ω a primitive rth root of unity and gcd(a, r) = 1; this is the action of type 1 r (1, a). The given representation of G decomposes as ρ 1 ⊕ ρ 2 , where ρ 1 (g) = ω and
x and g · y = ρ 2 (g −1 )y, and we obtain a G * -grading of k[x, y] via deg(x) = ρ 1 and deg(y) = ρ 2 .
To construct the quotient singularity A 2 k /G and its minimal resolution by toric geometry, define lattices
For the minimal resolution, expand
as a Jung-Hirzebruch continued fraction to produce c 1 , . . . , c ℓ ∈ Z ≥2 . If we set w 0 = (0, 1), w 1 = 1 r (1, a) and w i+1 := c i ·w i −w i−1 for i = 1, . . . , ℓ, then subdividing the cone σ by rays generated by the vectors w 1 , . . . , w ℓ defines a fan Σ in N ⊗ Z Q, and the toric surface X with fan Σ is the minimal resolution f : X → A 2 k /G. The exceptional curves D 1 , . . . , D ℓ come with toric coordinates [x αj : y βj ] ∈ P 1 for some 1 ≤ α j , β j < r. If we write σ j := Q ≥0 w j , w j+1 for the two-dimensional cones in Σ and set (α 0 , β 0 ) = (r, 0) and (α ℓ+1 , β ℓ+1 ) = (0, r), then X is covered by charts 
2.2.
Representations of bound quivers. Let Q be a connected quiver with vertex set Q 0 , arrow set Q 1 , and maps hd, tl : Q 1 → Q 0 indicating the vertices at the head and tail of each arrow. A nontrivial path in Q is a sequence of arrows p = a 1 · · · a k with hd(a j ) = tl(a j+1 ) for 1 ≤ j < k. We set tl(p) = tl(a 1 ) and hd(p) = hd(a k ). Each i ∈ Q 0 gives a trivial path e i where tl(e i ) = hd(e i ) = i. The path algebra kQ is the k-algebra whose underlying k-vector space has a basis consisting of paths in Q, where the product of basis elements equals the basis element defined by concatenation of the paths if possible, or zero otherwise.
The characteristic functions χ i : Q 0 → Z for i ∈ Q 0 and χ a : Q 1 → Z for a ∈ Q 1 form the standard integral bases of the vertex space Z Q0 and the arrows space Z Q1 respectively. The incidence map inc :
of k-linear maps for i ∈ Q 0 that are compatible with the structure maps, that is, w ′ a ψ tl(a) = ψ hd(a) w a for all a ∈ Q 1 . With composition defined componentwise, we obtain the abelian category of representations of Q. For any rational weight θ ∈ Wt(Q) ⊗ Z Q, a representation W is said to be θ-stable if θ(W ) = 0 and every proper, nonzero subrepresentation Let (Q, R) be a bound quiver of sections, where R is an admissable two-sided ideal in the path algebra kQ generated by differences of the form p − p ′ ∈ kQ, where p, p ′ are paths with the same head and tail. For any
defined by the composition w p = w a1 · · · w a k ; this extends to k-linear combinations of paths with a common head and a common tail. A representation of the bound
2.3. Moduli of bound quiver representations. Let (Q, R) be a bound quiver as above. In this paper we restrict attention to representations of Q with dimension vector i∈Q0 χ i , so the representation space is
The ideal R ⊂ kQ in the path algebra determines an ideal I R ⊆ k[y a : a ∈ Q 1 ] in the polynomial ring as follows. The map sending the path
give a k-linear map from kQ to k[y a : a ∈ Q 1 ], and I R is defined to be the ideal in k[y a : a ∈ Q 1 ] generated by the image of R under this map. In particular, a point in the representation space A Q1 k corresponds to a representation of (Q, R) if and only it lies in the subscheme V(I R ) cut out by I R .
The incidence map gives a Wt(Q)-grading of the polynomial ring k[y a : a ∈ Q 1 ] that induces an action of the algebraic torus
tl(a) . Since R is spanned by differences of paths with the same head and tail, the binomial ideal I R is homogeneous with respect to the Wt(Q)-grading on k[y a : a ∈ Q 1 ], so V(I R ) is invariant under the action of T Q . For any rational weight θ ∈ Θ := Wt(Q) ⊗ Z Q we let (k[y a : a ∈ Q 1 ]/I R ) θ denote the θ-graded piece, and write
for the categorical quotient of the open subscheme V(I R ) ss θ ⊆ V(I R ) parametrising θ-semistable representations of (Q, R). Following King [10] , two θ-semistable points of V(I R ) are GIT equivalent if and only if the corresponding representations are S-equivalent with respect to θ, and M θ (Q, R) is the coarse moduli space of S-equivalence classes of θ-semistable representations of (Q, R). If every θ-semistable representation of (Q, R) is θ-stable then the scheme M θ (Q, R) is isomorphic to the geometric quotient [10, Proposition 5.3] establishes that M θ (Q) is the fine moduli space of S-equivalence classes of θ-stable representations of Q.
The T Q -equivariant vector bundle i∈Q0 O V(IR) descends to a tautological vector bundle i∈Q0 F i (Q, R) on M θ (Q, R), and {F i (Q, R)} i∈Q0 are the tautological line bundles on M θ (Q, R). In this paper the quiver Q will always have a distinguished vertex (denoted 0 ∈ Q 0 or ρ 0 ∈ Q ′ 0 ), and we normalise the universal family on
The bound Special McKay quiver
3.1. Quivers of sections. We extend the notion of a quiver of sections [4] to the semiprojective setting.
Let m be a positive integer and let
where
The complete quiver of sections associated to L is the quiver Q in which the vertices Q 0 = {0, . . . , m} correspond to the line bundles in L, and where the arrows from i to j correspond to the indecomposable T M -invariant
for the labelling divisor and, more generally, for a path p = a 1 · · · a ℓ in Q we write div(p) := ℓ k=1 div(a k ). This labelling of paths induces relations on Q: the ideal of relations is the two-sided ideal R in the path algebra kQ generated by differences p − p ′ ∈ kQ, where p, p ′ are paths with the same head and tail such that
Following [4] , we say that the pair (Q, R) is the complete bound quiver of sections of L.
The quiver Q is connected, and the quotient algebra kQ/R is isomorphic to End
The algebra isomorphism is immediate from the proof of [4, Proposition 3.3] .
The existence of nontrivial directed cycles implies that the algebras from Proposition 3.1 are not finite-dimensional over k; this makes the semiprojective situation different from the projective case studied in [4] . Notably, the order L 1 , . . . , L m is unimportant here. Let {χ ρ : ρ ∈ Irr(G)} denote the standard basis of the vertex space Z
Lemma 3.2. For the weight
hence, by a result of Kidoh [9] ,
To characterise the tautological bundles, Kidoh [9, Theorem 4.] observed that for any 0 ≤ j ≤ ℓ and for the toric chart U j = Spec k[x αj /y βj , y βj+1 /x αj+1 ] on X, the unique standard monomial of the ideal
that lies in degree ρ ∈ Irr(G) generates the O Uj -module F ρ | Uj . In particular, F ρ0 is the trivial bundle O X . 
, where: L 1 | Uj is generated by x for j = 0, 1 and y 4 for j = 2; while L 2 | Uj is generated by x 2 for j = 0 and y for j = 1, 2. In this case, is shown in Figure 1(b) , where the labelling divisors are indicated by monomials in the total coordinate ring
, so the relevant arrow is labelled x 2 x 3 .
We now justify the terminology for (Q, R). Following Wunram [13] , a representation ρ ∈ Irr(G) is special tl(p) for every nontrivial path p, and t · e ρ = t ρ e ρ for every trivial path e ρ . This determines an action of T Q ′ on the quotient algebra kQ ′ /R ′ , and hence the subgroup S ⊂ T Q ′ also acts on (1) the quotient algebra kQ/R for the bound Special McKay quiver (Q, R);
Proof. The isomorphism between (1) and (2) is Proposition 3.1 for (Q, R). The isomorphism between (2) and (3) follows from the result of Wunram [13] stating that the line bundle L i (1 ≤ i ≤ ℓ) is isomorphic to F ρ for the special representation ρ = deg(x αi ) = deg(y βi ) and, conversely, that each special representation is of this form for some L i . The isomorphism between (3) and (4) follows since A ′ ∼ = End OX ρ∈Irr(G) F ρ . For the isomorphism between (4) and (5), the subalgebra eA ′ e spanned by paths in A ′ with head and tail in Irr sp (G) is clearly S-invariant, hence eA ′ e ⊆ (A ′ ) S . For the opposite inclusion, suppose there exists an S-invariant path in Q ′ that does not lie in eA ′ e. The path must be a cycle γ that passes through no vertex in Irr sp (G). Working in kQ ′ , we claim that every such cycle is equivalent modulo the relations R ′ to a cycle γ that passes through a vertex ρ ∈ Irr sp (G). Given the claim, we need only choose the basepoint of γ to be ρ to see that γ is equivalent to a path in eA ′ e after all. Thus, we need only prove the claim.
Consider a cycle γ in Q ′ based at ρ ∈ Irr(G) Irr sp (G) where the monomial m labelling γ is G-invariant.
The relations R ′ ensure that consecutive arrows in a path labelled x and y commute. Thus, we must show that the divisors of m can be ordered so that the resulting cycle passes through a vertex in Irr sp (G). It is enough to assume that m is a minimal k-algebra-generator of k[x, y] G . To compute these monomials, expand 
of k-vector spaces, where the vertical maps are constructed in Section 2.3 and Ψ is the homomorphism of k-algebras sending y a to the S-invariant monomial y pa := y a1 . . . y a k modulo I R ′ for a ∈ Q 1 .
Proposition 4.1. The map Ψ is an isomorphism, and V(I R ) is isomorphic to the affine quotient V(I R ′ )/S.

Proof. Working modulo
ρ ∈ Irr(G)] decomposes as a product of monomials y p arising from S-invariant paths p in Q ′ . Every such path may be chosen as a composite of paths p a for a ∈ Q 1 , so y p decompose as a product of monomials of the form y pa for a ∈ Q 1 . Thus {y pa : a ∈ Q 1 } forms a generating set for the k-algebra k[y
sending the class of y pa to the class of y a for all a ∈ Q 1 . This is well-defined since ψ −1 exists. Moreover, Ψ ′ Ψ(y a ) = y a and ΨΨ ′ (y pa ) = y pa for a ∈ Q 1 , so Ψ ′ = Ψ −1 . The second statement follows from the first.
Define the weight ϑ := i∈Q0 (χ i − χ 0 ) for the Special McKay quiver as in Lemma 3.2. Now define a weight on the McKay quiver by setting ϑ
Corollary 4.2. The fine moduli space M ϑ (Q, R) of ϑ-stable representations of (Q, R) is isomorphic to the
Proof. Since ι(ϑ) = ϑ 
is unchanged as θ ′ varies in a chamber though its polarising line bundle varies.
Let C ⊂ Θ ′ denote the chamber containing the generic parameter ϑ ′ = ρ∈Irr(G) (χ ρ − χ ρ0 ) that defines the G-Hilbert scheme. This chamber contains all parameters of the form θ = ρ∈Irr(G) θ ρ χ ρ with θ ρ > 0 for ρ = ρ 0 . It follows that the weight ϑ
in the closure C of C. By varying the weight from ϑ ′ ∈ C to ϑ ′ 0 ∈ C, we obtain a commutative diagram (4.1)
where the top horizontal map is an inclusion, ν is a morphism, and where the left-and right-hand vertical maps are the geometric and categorical quotients respectively by the action of T Q ′ .
Proof. There's nothing to prove for actions of type has strictly fewer nonzero entries at successive iterations.
Proof. If the action is of type 
4.3.
Interpretation via multilinear series. We close this section by presenting a purely geometric reformulation of Theorem 1.1 in terms of multilinear series following [4] . In doing so, we introduce a toric ideal I Q that acts as a well-behaved replacement for the binomial ideal I R .
Define the complete multilinear series of the list
. . , L ℓ ) to be the fine moduli space
This is a semiprojective toric variety that is projective over A 2 k /G. The quiver of sections Q determines a map from X to the multilinear series as follows. The map
that is equivariant with respect to the actions of Hom(Pic(X), k * ) and T Q = Hom(Wt(Q), k * ). Since each L i is relatively nef and hence globally generated, the construction of [4, Section 4] shows that (Φ Q ) * defines a morphism ϕ |L| : X → |L| in the category of semiprojective toric varieties that are projective over A 
The incidence map factors through N(Q), so the action of T Q on A 
Proof. 
Since the O Uj -module L| Uj is generated by s j := 0≤i≤j y βi · j<i≤ℓ x αi , the element
1 (χ i − χ 0 ) for the elements arising from the sections x αi , y βi ∈ H 0 (X, L i ), where i = j, j + 1. Define elements of V by setting v On the other hand, R = (a 1 a 2 − a 5 a 6 , a 1 a 2 − a 3 a 4 , a 5 a 7 − a 1 a 3 a 6 , a 5 a 8 − a 1 a 3 a 7 ). Therefore Proof. The minimal resolution f : X → A 2 k /G is a projective morphism of toric varieties, so Rf * (O X ) = O A 2 k /G . Since the field k is algebraically closed of characteristic zero, and since each fibre has dimension at most one, the results from Van den Bergh [11, Section 3] hold. In particular, since the ample line bundle The result follows since the quotient algebra kQ/R is isomorphic to the algebra A by Theorem 3.6.
